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TOPOLOGICAL INVARIANTS FOR SEMIGROUPS OF 
HOLOMORPHIC SELF-MAPS OF THE UNIT DISC 

FILIPPO BRACCL, MANUEL D. CONTRERAS^, AND SANTIAGO DIAZ-MADRIGALt 


Resume. Soient ((/?*), (<^t) deux semi-groupes a un parametre d’endomorphismes holo- 
morphes du disque unite D C C. Soil / : D — >■ D un homeomorphisme. Nous montrons 
que si / o = (p^ o f pour tout t > 0, alors / s’etend a un homeomorphisme de D en 
dehors des arcs de contact exceptionnels maximaux (en particulier, si Ton considere des 
semi-groupes elliptiques, / s’etend toujours a un homomorphisme de ID). En utilisant ce 
resultat, nous etudions les invariants topologiques pour les semi-groupes a un parametre 
d’endomorphismes holomorphes du disque unite. 


Abstract. Let {(fit), {4't) be two one-parameter semigroups of holomorphic self-maps of 
the unit disc D C C. Let / : ID —?> D be a homeomorphism. We prove that, ii focj)^ = ptof 
for all t > 0, then / extends to a homeomorphism of D outside exceptional maximal 
contact arcs (in particular, for elliptic semigroups, / extends to a homeomorphism of 
D). Using this result, we study topological invariants for one-parameter semigroups of 
holomorphic self-maps of the unit disc. 


Contents 

1. Introduction 2 

2. Preliminaries 5 

2.1. Contact and fixed points 5 

2.2. Semigroups 5 

3. Topological and holomorphic models for semigroups 6 

3.1. Semigroups and holomorphic models 6 

3.2. Semigroups and topological models 8 


2010 Mathematics Subject Classification. Primary 37C10, 30G35; Secondary 30D05, 30G80, 37F99, 
37G25. 

Key words and phrases. Semigroups of holomorphic functions; topological invariants; topological 
normal forms. 

1 Partially supported by the ERG grant “HEVO - Holomorphic Evolution Equations” n. 277691. 

1 Partially supported by the Ministerio de Economia y Competitividad and the European Union 
(FEDER), project MTM2012-37436-G02-01, and by La Consejeria de Edueacion y Ciencia de la Junta 
de Andalucia. 


1 



2 


F. BRACCI, M. D. CONTRERAS, AND S. DIAZ-MADRIGAL 


4. Maximal contact arcs and boundary fixed points 10 

4.1. Trajectories 10 

4.2. Maximal contact arcs 10 

4.3. Boundary fixed points 13 

5. Extension of topological conjugation for non-elliptic semigroups 16 

6. Topological invariants for non elliptic semigroups 19 

7. Exceptional maximal contact arcs and Denjoy-Wolff point 21 

8. Elliptic case 25 

References 27 


1. Introduction 

One-parameter continuous semigroups of holomorphic self-maps of D (sometimes just 
called holomorphic semigroups in D for short) have been widely studied, see, e.g., [3, 1, 21]. 
In recent years, particular attention was paid to the boundary behavior of semigroups in D, 
their boundary trajectories, boundary singularities, and fine properties of semigroups have 
been discovered and investigated via the associated infinitesimal generators and Koenigs 
functions, see, e.g., [5, 8, 9, 10, 6, 18, 14, 15, 16, 17] and references therein. For instance, 
the dynamical type (elliptic, hyperbolic, parabolic), the hyperbolic step, the Denjoy- 
Wolff point, boundary (regular or super-repelling) fixed points, regular poles, fractional 
singularities, maximal contact arcs, can be well understood in terms of the geometry of the 
image of the Koenigs function and the analytic properties of the infinitesimal generator. 

All these objects are holomorphic invariants of a semigroup of holomorphic self-maps. 
Namely, if two semigroups of holomorphic self-maps are holomorphically conjugated 
through an automorphism of the unit disc, there is a one-to-one correspondence among 
the objects listed before and the way they are displaced along the boundary of the disc. 
This follows easily from the fact that automorphisms of the unit disc are linear fractional 
maps. Therefore, holomorphic invariants form a huge family and each class of holomor¬ 
phic conjugations is relatively small. One might expect that lowering the regularity of 
the conjugation map, the number of invariants decreases. 

In this paper we are interested in studying topological invariants of semigroups of 
holomorphic self-maps of the unit disc. Namely, we consider properties of holomorphic 
semigroups which are invariant under conjugation via homeomorphisms of the unit disc, 
without any assumption on the regularity of the conjugacy map on the boundary of the 
unit disc. One might expect that all holomorphic invariants related to the boundary 
behavior are destroyed. However, and quite surprisingly, most of them survive and are 
topological invariants. Roughly speaking, the holomorphic invariants which are related 
to the isometric (with respect to the Poincare metric) nature of holomorphic conjugacies 
are destroyed under topological conjugation, but, those invariants which are related to 
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the dynamics survive, with the exception of some special maximal contact arcs, which we 
call exceptional maximal arcs. 

To be more precise, let us fix some notations. We refer the reader to the next sections 
for the corresponding dehnitions. Let ((ft) be a (continuous 1-parameter) semigroup of 
holomorphic self-maps of the unit disc D. If ((p^) is not a group of elliptic automorphisms, 
there exists a unique point a; G ©, called the Denjoy-Wolff point of ((pt), such that 
ipt(z) = X for all 2 : G D. The semigroup {(ft) is called elliptic if its Denjoy-Wolff 
point belongs to D. If ((ft) is non-elliptic, it is called parabolic if for every f > 0 the 
non-tangential limit of (f'^ at its Denjoy-Wolff point is 1, otherwise it is called hyperbolic. 

While it is clear that elliptic and non-elliptic semigroups of holomorphic self-maps of D 
cannot be topologically conjugated, we hrst prove in Corollary 3.6 that every non-elliptic 
semigroup of holomorphic self-maps of D is topologically conjugated to a hyperbolic semi¬ 
group of holomorphic self-maps of D. 

The basic tool for this result and the next ones, is provided by the existence of universal 
holomorphic models for semigroups of holomorphic self-maps, as introduced in [ 12 , 2 ], and 
the characterization of topological conjugation between two semigroups via topological 
conjugation of their holomorphic models (see Section 3). 

In [18], P. Gumenyuk proved that for every x G (9D and for every t > 0, (pt has non- 
tangential limit at x, so that (pt{x) is well-dehned, and the curve [0, -|-cxd] 3 t (pt{x) G © 
is continuous. Therefore one can dehne the life-time T(x) of a; G (9D on the boundary 
to be the supremum of t G [0, -|-cxd] such that iptix) G (9D (see Section 4). If T(x) > 0, 
it follows from [ 6 ] that either a; is a hxed point of the semigroup (and in such a case 
T(x) = 00 ) or X belongs to a maximal contact arc, that is, A is a non empty open arc in 
(9© maximal with respect to the property that the inhnitesimal generator of {(pt) extends 
holomorphically through A, never vanishes and it is tangent to dA. If A is a maximal 
contact arc and T{x) = 00 , then we call A an exceptional maximal contact arc. In this 
case, the ending point of A (with respect to the natural orientation given by the curve 
t I—)■ (pt{x)), is the Denjoy-Wolff point of ( 99 *). In particular, if [(pt) is elliptic, it does 
not admit exceptional maximal contact arcs. A semigroup has at most two exceptional 
maximal contact arcs. 

In Proposition 4.7, we prove that the life-time is a continuous function on each maximal 
contact arc and we use it to characterize the starting point of a maximal contact arc. 

In case x G (9© is a fixed point for {ipt) which is super-repelling (or non-regular) we 
show, as a consequence of Proposition 4.9, that x is either the starting point of a maximal 
contact arc or there exists a backward orbit of {(pt) landing at x. 

Let us denote by M(p>t) C <9© the set of points which belong to an exceptional maximal 
contact arc for {(pt) (note that M{pt) is open and possibly empty). Let a; G © be the 
Denjoy-Wolff point of {pt) and let 


E{pt) ■= M{pt) u {x} n (9©. 
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Note that E{ipt) = 0 if a; G D while {t} C E{ipt) if a; G (9D. We can now state the main 
result of this paper: 

Theorem 1.1. Let {(ft), be two semigroups of holomorphic self-maps ofD, which are 
not elliptic groups. Let x eB> be the Denjoy- Wolff point of ((pt) and y G D the Denjoy- 
Wolff point of {(ft)- Assume that / : D —)■ D is a homeomorphism (no regularity on (9D 
is assumed) such that f o (ft = ‘ft ° f for all t > 0. Then f extends to a homeomorphism 
from D \ E{(ft) to D \ E{(pt). 

Moreover, for all p G (9© \ E{(ft) it holds T{p) = T{f{p)) and 

fiMp)) = ft{f{p)) for all t > 0. 

Finally, if x E (9D, then y G (9D and ZliiUz^x f{z) = y. 

The previous theorem for the non-elliptic case is the content of Proposition 5.2 and 
Proposition 7.1. The way to adapt the proofs for the elliptic case is sketched in Section 
8. The proof is based on the combined use of the universal holomorphic model and 
Caratheodory’s prime ends topology. 

With Theorem 1.1 at hands, it is quite easy to prove that most of the objects described 
before are topological invariants. These are described in Section 6. We summarize here 
such results: 

Proposition 1.2. The following are topological invariants for semigroups of holomorphic 
self-maps o/D.- 

(1) fixed points in D, 

(2) boundary regular fixed points which do not start exceptional maximal contact arcs, 

(3) super-repelling fixed points which start maximal, non exceptional, contact arcs, 

(4) super-repelling fixed points having backward orbits of {(pt) landing at such points, 

(5) maximal contact arcs which are not exceptional, 

(6) life time on the boundary of a boundary point, 

(7) boundary points of continuity for a semigroup, i.e., points on (9D such that every 
element of the semigroup has unrestricted limits at such points. 

In Section 7 we study the behavior of topological conjugations on exceptional maximal 
contact arcs and the Denjoy-Wolff point. In particular, in Proposition 7.1 we show that 
the topological conjugacy map always has the non-tangential limit at a boundary regular 
hxed point which is the initial point of an exceptional maximal contact arc and such a 
limit is a boundary regular hxed point (possibly the Denjoy-Wolff point). However, as 
shown with several examples, the unrestricted limits at such points and at the Denjoy- 
Wolff point might fail to exist, and exceptional maximal contact arcs can be mapped 
entirely to the Denjoy-Wolff point. 

Finally, in Section 8, we sketch how to extend these results to the case of elliptic 
semigroups. 
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2. Preliminaries 

2.1. Contact and fixed points. For the unproven statements, we refer the reader to, 
e.g., [1], [13] or [21]. 

Let / : D —)■ D be holomorphic, x G <9®, and let 

a^if) ;=liminfi^^^. 

z^x i — \z\ 

From Julia’s lemma it follows that (Xxif) > 0. The number ax{f) is called the boundary 
dilatation coefficient of /. 

If / : D ^ C is a map and x G d©, we write Z lim^^a,/(; 2 ) for the non-tangential (or 
angular) limit of / at x. If this limit exists and no confusion arises, we denote its value 
simply by f{x). 

Definition 2.1. Let /:©—)■© be holomorphic. A point x G dD is said to be a contact 
point (respectively, boundary Gxed point) of /, if f{x) := ZliiUz^x fi^) exists and belongs 
to (9D (respectively, coincides with x). If in addition 

(2.1) cufi^) < +00, 

then X is called a regular contact point (respectively, boundary regular fixed point) of /. 
A boundary hxed point which is not regular is said to be super-repelling. 

Remark 2.2. By the Julia-Wolff-Caratheodory theorem, condition (2.1) in the above 
dehnition is sufficient on its own for x G dD to be a regular contact point of /. 

If / : D —)■ D is holomorphic, neither the identity nor an elliptic automorphism, by 
the Denjoy-Wolff theorem, there exists a unique point a; G ©, called the Denjoy-Wolff 
point of /, such that f{x) = x and the sequence of iterates {/°^} converges uniformly on 
compacta of D to the constant map z x. Moreover, if a; G dD then a; is a boundary 
regular hxed point of / and a/(a;) G (0,1]. 

2.2. Semigroups. A (one-parameter) semigroup (cpt) of holomorphic self-maps of D is a 
continuous homomorphism t (pt from the additive semigroup (K>o, +) of non-negative 
real numbers to the semigroup (Hol(D, D), o) of holomorphic self-maps of D with respect 
to composition, endowed with the topology of uniform convergence on compacta. 

It is known that if {(pt) is a semigroup of holomorphic self-maps of D and (ptg is an 
automorphism of D for some to > 0, then {(pt) can be extended to a group in Aut(D). 

Definition 2.3. A boundary (regular) fixed point for a semigroup ((pt) of holomorphic 
self-maps of D is a point x G (9D which is a boundary (regular) hxed point of (pt for 
all t > 0. 

Let ((pt) be a semigroup of holomorphic self-maps of D. It is well known that (pt^ has a 
hxed point in D for some to > 0 if and only if there exists a; G D such that (pt(x) = x for 
all t > 0. In such a case, the semigroup is called elliptic. Moreover, there exists A G C 
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with Re A < 0 such that (pf{x) = for all t > 0. The elliptic semigroup {(pt) is a group if 
and only if Re A = 0. The number A is called the spectral value of the elliptic semigroup. 

If the semigroup {(pt) is not elliptic, then there exists a unique x G (9D which is the 
Denjoy-Wolff point of (pt for all t > 0. Moreover, there exists A < 0, the dilation of {(pt), 
such that 

a^^{x) = t > 0. 

A non-elliptic semigroup is said hyperbolic if its dilation is non-zero, while it is said 
parabolic if the dilation is 0. 

It is also known (see, [10, Theorem 1], [11, Theorem 2], [22, pag. 255], [14]) that a 
point X G (9D is a boundary (regular) hxed point of (pt^ for some to > 0 if and only if it is 
a boundary (regular) hxed point of (pt for all t > 0. 

By Berkson and Porta’s theorem [3, Theorem (1.1)], if {(pt) is a semigroup in of holomor- 
phic self-maps of D, then t i-A (pt{z) is real-analytic and there exists a unique holomorphic 
vector held G : © —)■ C such that 

^ = G{(pt{z)) for all 2 : G © and all t > 0. 

This vector held G, called the infinitesimal generator of {(pt), is semicomplete in the sense 
that the Cauchy problem 

\a;(0) = 

has a solution x^ : [0, -|-cx)) —>■ © for every z eV>. Conversely, any semicomplete holomor¬ 
phic vector held in © generates a semigroup of holomorphic self-maps of ©. 

3. Topological and holomorphic models for semigroups 

3.1. Semigroups and holomorphic models. 

Definition 3.1. Let {(pt) be a semigroup of holomorphic self-maps of ©. A topological 
model for {(pt) is a triple (hi, h, <ht) such that hi is an open subset of C, is a group of 
(holomorphic) automorphisms of hi and h : © ^ h(©) C is a homeomorphism on the 
image (that is, it is open, continuous and injective), h o (pt = ^t ° h and 

(3.1) Ut>o^r\h{B)) = n. 

A holomorphic model is a topological model (hi, h, <ht) such that h : © —)■ hi is univalent. 

The previous notion of holomorphic model was introduced in [2], where it was proved 
that every semigroup of holomorphic self-maps of any complex manifold admits a holomor¬ 
phic model, unique up to “holomorphic equivalence”. Moreover, a model is “universal” 
in the sense that every other conjugation of the semigroup to a group of automorphisms 
factorize through the model (see [2, Section 6] for more details). 

Notice that given a topological model (hi, h, <ht) for a semigroup {(pt) of holomorphic 
self-maps of © then {(pt) is a group if and only if /i(©) = hi. 
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Definition 3.2. Let {(pt) and {(pt) be two semigroups of holomorphic self-maps of D. Let 
(f2, h, <Lt) be a holomorphic (respectively, topological) model for {(pt), and (f2, h, 4*^) a holo¬ 
morphic (respectively, topological) model for {(pt). We say that {Q,h,^t) and (f2, h, <ht) 
are holomorphically (respect., topologically) conjugated if there exists a biholomorphism 
(respect., homeomorphism) r ; —)■ such that r o <|>t = o r and r(h(D)) = /i(D). 
The map r is called a holomorphic (respect., topological) conjugation of models. 

In case {<pt) = {(pt) and h = r o h, we say that the models (fl, h, <ht) and (f2, h, <ht) are 
holomorphically (respect., topologically) equivalent. 

Conjugated semigroups correspond to conjugated models: 

Proposition 3.3. Let {(pt),{<pt) be two semigroups of holomorphic self-maps ofD, with 
holomorphic (respectively, topological) models (f2, h, <ht) and {Ll,h,^t)- The following are 
eguivalent: 

(1) the holomorphic (respectively, topological) models (fl, h, <ht) and (f2, h, ^t) are holo¬ 
morphically (respect., topologically) conjugated; 

(2) the semigroups {<pt) and {(pt) are holomorphically (respect., topologically) conju¬ 
gated, that is, there exists an automorphism (respect., homeomorphism) T : D —)■ D 
such that T o (p^o T~^ = <pt for all t > 0. 

Proof. (1) implies (2). Let r be a holomorphic (respect., topological) conjugation of 
models between (f2, h, <ht) and (12, h, <ht), that is, r : —)■ 12 is a biholomorphism (respect., 
homeomorphism) such that r o <|>t = <!>* o r and r(/i(D)) = h(ro). Define T := h~^ or oh. 
It is easy to see that T is a holomorphic (respect., topological) conjugation between {(pt) 
and (0t). 

(2) implies (1). Let T be a holomorphic (respect., topological) conjugation between (0t) 
and (0t). Next, we extend r := h~^oToh to a biholomorphism (respect., homeomorphism) 
r : 12 —)■ 12 which intertwines with in the following way. Let fit ■= ^nd 

f2t := $)"^(/i(D)), 2 > 0. Note that, if 2 > s then fig C fit, since o <|>s and h(D) 

is invariant under for all 2 > 0. Moreover, <ht(f2t) = h(D) and, by the definition of 
model, 12 = Uj>of2t. Similarly for 12. 

For 2 > 0, define Tt : fit ^ ^t by 

Tt := $7^ olioTo h~^ o <|>t. 

Clearly, Tt is a biholomorphism (respect., homeomorphism) from fit and fit. Also, by 
definition, o tq = tq o <ht|QQ for all 2 > 0. 

Let 0 < s < 2 and let ca G 12^. Then 

Ttiu) = ^f\To{^t-si^siuj)))) = ^f\^t-siroi^siuj)))) = Ts{uj). 
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Therefore, for 0 < s < t it holds Tt\n^ = Tg. Hence, the map r : —)■ dehned by 
E|ot := Tt is well dehned and it is a biholomorphism (respect., homeomorphism) from H 
and 

Finally, by a similar argument as before, one can show that for all t > 0 , r* o $^ 1^4 = 
o Tt for all s > 0 , hence r o $5 = $5 o r for all s > 0 , concluding the proof. □ 

Holomorphic models always exist and are unique up to holomorphic equivalence of 
models. In what follows we denote by H := {C G C : Re ^ > 0 }, H” := {C G C : Re C < 0 } 
and, given p > 0, §p := {C G C : 0 < Re^ < p}. We simply write S := § 1 . The following 
result sums up the results in [2, 12], see also [1]. 

Theorem 3.4. Let {(pt) be a semigroup of holomorphic self-maps o/D. 

(1) If {(ft) is a group of elliptic automorphism, then it has a holomorphic model 
(D, h,z^ e^^^z) for some 9 G (—tt, tt], with h(D) = D. 

(2) If {(ft) is elliptic, not a group, then {(ft) has a holomorphic model (C, h,z e^^z), 
for some A G C such that Re A < 0. 

(3) If {(ft) is non-elliptic, then {(ft) has a holomorphic model (H, h, <Ft) where H = 
C, H, HI”, §p, for some p > 0, and ^t{z) = z it, t > 0. 

The spectral value of an elliptic semigroup is clearly a holomorphic invariant. 

The function h in the previous model is called the Koenigs function of the semigroup. 
All the previous models are holomorphically non-equivalent. In fact, we have that 

- If H = C and ^t{z) = e^^z, for some A G C such that Re A < 0, then {(ft) is a 
semigroup of elliptic type. 

- If H = C and ^t{z) = z -f it, then {(ft) is a semigroup of parabolic type of zero 
hyperbolic step. 

~ If H = H, HI” and ^t{z) = z-fit, then {(ft) is a semigroup of parabolic type of positive 
hyperbolic step. 

- If H = Sp, for some p > 0, and ^t{z) = z -fit, then {(ft) is a semigroup of hyperbolic 
type. 

In any of the non-elliptic cases, the model is given by (H = / x M, h, -|- it), where I is 
any of the intervals (— cxd,0), (0, -|-cxd), (0,p), for some p > 0, or M. This interval J is a 
holomorphic invariant. In particular, in the hyperbolic case, p depends on the dilation A 
of the semigroup. 

3.2. Semigroups and topological models. From a topological point of view, given a 
semigroup {(ft), which is not a group, there are only two possible models: 

Proposition 3.5. Let {(ft) be a semigroup of holomorphic self-maps o/D. 

(1) If {(ft) is elliptic, not a group, then {(ft) has a topological model given by (C, h,z 
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(2) If {(ft) is non-elliptic, then {(ft) has a topological model of hyperbolic type, given 
by a model {S,h, z ^ z -\- it). 

Proof. Assume that {(ft) is parabolic. Let (hi, h, z z + it) be the model of {(ft) given by 
Theorem 3.4. If hi = C, dehne 99 : C —)■ § by (p{x + iy) = 6{x) +iy, where 6 * : M —)■ (0,1) is 
any homeomorphism. Then clearly (p{z + it) = <p{z) +it for all t G M. Now, let ip := ipoh. 
It is then easy to see that (§, ip, <ht) is a topological model for {(ft). In case hi = El and 
^t{z) = z + it, it is enough to replace 9 with any homeomorphism 9 : (0, cxd) —)■ (0,1). 
While, if n = El” one can replace 9 with any homeomorphism 9 : (—cxd, 0) (0,1). If 
n = §p, just dehne p{x + iy) = x/p + iy. 

In case {(ft) is elliptic, not a group, let (C, h,z^ e^^z) be the model of {(ft) given by 
Theorem 3.4, with X = a + ib, a < 0 and 6 G M. Dehne 

p{pP^) := exp Q + i^ logp^ p ^ 0, 

and <p(0) = 0. It is easy to see that (p : C —)■ C is a homeomorphism and that p{e^^w) = 
e~^p{w) for alH G M and w E C. Then (C, ip,z i-E- e~^z) is the topological model of {(ft), 
where (p = poh. □ 

As a consequence we have the following straightforward result: 

Corollary 3.6. Every non-elliptic semigroup of holomorphic self-maps o/D is topologi¬ 
cally conjugated to a hyperbolic semigroup of holomorphic self-maps o/D. 

Clearly, elliptic and non-elliptic models cannot be topologically equivalent. For groups 
of automorphisms, there are more possible topologically inequivalent models: 

Corollary 3.7. Let {(ft) be a group of automorphisms of 3. 

(1) If {(ft) is elliptic with spectral value i9, with 9 G (—7r,7r], then its topological model 
is given by (D, h, z ^ e'^^^^^z), with h(D) = D, 

(2) if {(ft) is non-elliptic then its topological model is given by {S, h, z ce- z -\- it), with 
h(D) = §. 

Proof. If {(ft) is non-elliptic, then the result follows at once from Proposition 3.5. If {(ft) 
is elliptic, it has the holomorphic model (D, h,z ^ e^^^z) by Theorem 3.4. If 0 < 0, the 
map z ^ z conjugates the holomorphic model to the model (D, h,z ^ e'^^^^^z) □ 

Remark 3.8. Let {pt) and {(ft) two groups of automorphisms with models (D, h,z^ e^*^^z) 
and {3, h, z 1 —)■ e^^^'^z), respectively. Then {pt) and {(ft) are topologically conjugated if 
and only if |6*i| = |6*2|. Indeed, if 9 i = —6*2 the map t{z) = z intertwines the two 
groups. On the other hand, the semigroups are topologically conjugated, there exists a 
homeomorphism T : D —)■ D such that T{e^^^z) = e^^^T{z) for alH > 0 and all 2 : G D. If 
6*1 = 0 then 02 = 0 as well, and similarly if 02 = 0 then 0i = 0. In case 0i, 02 are non-zero, 
let t = 2ti/9i. Then T{z) = e^^‘^'^^^^T{z) for all 2 : G D. Hence 02 / 0 i =: m E Z. Taking 
t = 27rf{m9i) we deduce that T{e‘^^^^z) = T{z) for all z e3. Therefore m = ±1. 
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The previous remark follows also from Naishul’s theorem (see, e.g., [4, Theorem 2.29]), 
which states that two germs of elliptic holomorphic maps in C hxing 0 which are topo¬ 
logically conjugated by an orientation preserving map, must have the same derivative at 
0. The proof of such a result is however much more complicated than the corresponding 
results for groups. 

It is worth pointing out that while the absolute value of the spectral value is a topo¬ 
logical invariant for elliptic groups, all elliptic semigroups which do not form a group, are 
topologically equivalent to an elliptic semigroup with spectral value —1. 

4. Maximal contact arcs and boundary fixed points 

4.1. Trajectories. The following result is due to P. Gumenyuk. 

Theorem 4.1. [18, Thm. 3.1, Prop. 3.2] (see also [10]j. Let (0^) be a semigroup of 
holomorphie self-maps of 3. Then for every a G (9D the non-tangential limit 0t(a) : = 
Z lim 2 _ 5 .o-0t(2:) exists. Moreover, the curve [0, -|-cxd) 3 f i—)■ 0t(a) is continuous. 

Given a G D, the curve [0, -1-cxd) 3 f i—)■ (fticr) is called the trajectory of the semigroup 
associated with a. If a G ©, the trajectory associated with a is contained in D and 
converges to the Denjoy-Wolff point of the semigroup, in case {(ft) is not an elliptic 
group. 

In case a G (9D and 0i(a) G D for some f > 0, then 0s((j) G D for all s > t. This 
motivates the following dehnition: 

Definition 4.2. Let {(ft) be a semigroup of holomorphic self-maps of D and a G <9©. The 
life-time (on the boundary) of the trajectory associated with a is 

T{a) := sup{f > 0 : 00a) G 0©} G [0, -|-cxd]. 

Note that if a is a boundary hxed point for a semigroup, then its associated trajectory 
is constant and the life-time T(a) = cxd. 

4.2. Maximal contact arcs. In this subsection we recall the notion of contact arc in¬ 
troduced by the hrst author and Gumenyuk in [6] and summarize some related results we 
will use throughout the paper. 

Definition 4.3. Let (00 be a semigroup of holomorphic self-maps of D with associated 
inhnitesimal generator G. An open arc A C <9© is said to be a contact arc for (00, if 
G extends holomorphically to A with Re{^G( 2 :)} = 0 and G{z) 0 0 for all z E A. A 
contact arc A is maximal if there exists no other contact arc B for (0t) such that B 3 A. 
Each contact arc A is endowed with a natural orientation induced by the unit vector held 
G/\G\. This determines the initial and final end-points of A. 

If (00 is a semigroup, not an elliptic group, and A is a contact arc for the semigroup, 
then A 0 (9©. Notice that for elliptic groups, (9© is a contact arc. From now on, we 
assume that the semigroup is not an elliptic group. 
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The following results give a characterization of contact arcs in terms of the Koenigs 
map. 

Theorem 4.4. [6, Sect. 3]. Let {(f)t) be a semigroup of holomorphie self-maps, not 
an elliptie group, with assoeiated infinitesimal generator G and Koenigs funetion h. Let 
A C (9D be an open are. Then the following statements are eguivalent 

(1) G extends holomorphically to A with Re {zG{z)} = 0 and G(z) ^ 0 for all z G A; 

(2) h extends holomorphieally through A and 

- there exists c E I such that Re h{z) = c for all z E A, if {(ft) is non-elliptic 
with a holomorphie model (/ x W,h,z -\- it); 

- h{A) is contained in a spiral {z E C : z = e^^v, t G M} for some v E C \ {0}, 
if {(ft) is elliptic with spectral value A. 

The relationship between contact arcs and trajectories is given by the following result. 
As a notation, if A C (9D is an open sub-arc with end points p, q, we denote it by {p, q). 

Theorem 4.5. [6, Sect. 3] Let {(ft) be a semigroup of holomorphie self-maps which is not 
an elliptic group. 

(1) if A is a contact arc for {(ft) and x E A, then x is a regular contact point for (ft 
for t E (0,T(a;)). Moreover, the map t i—)■ (ft{x) is a homeomorphism of (0,T(a;)) 
onto the open sub-arc {x,(fT(x){x)) C A. 

(2) If p E (9D is a contact point for (ft^ for some to > 0 and it is not a boundary fixed 
point, then there exists a maximal contact arc A for {(ft) such that p E A. 

(3) Let A be a maximal contact arc for {(ft) with initial point xq and final point xi. 
Then 

(i) either Xq is a boundary fixed point of {(ft) or Xq is a contact point for (ft^ for 
some to > 0, 

(a) either Xi is the Denjoy- Wolff point of {(ft) or (ft{xi) E D for all t > 0. 

Definition 4.6. Let {(ft) be a semigroup of holomorphie self-maps which is not an elliptic 
group. A maximal contact arc for {(ft) whose hnal point is the Denjoy-Wolff point of 
{(ft) is called an exceptional maximal contact arc. 

Clearly, a semigroup might have only two exceptional maximal contact arcs, and elliptic 
semigroups do not have any exceptional maximal contact arc. The life-time of a trajectory 
is continuous on each maximal contact arc: 

Proposition 4.7. Let {(ft) be a semigroup of holomorphie self-maps which is not an 
elliptic group and A a maximal contact arc. 

(1) if A is a exceptional, then T{x) = oo for all x E A. 

(2) if A is not exceptional, then the function 

A 3 X \-E- T{x) E [0, -|-cxd] 
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is continuous and strictly decreasing (with respect to the natural orientation of A 
induced by {(ft))■ Moreover, T is bounded from above on A if an only if the initial 
point of A is not a fixed point of {(ft)- 

Proof. (1) follows immediately from Theorem 4.5. 

(2) We prove the result in case {(ft) is non-elliptic with holomorphic model {I xM., h, z + 
it), the elliptic case follows similarly. 

By Theorem 4.4, h extends holomorphically through A and therefore it follows that for 
aW X & A and t > 0 it holds h{(ft{x)) = h{x) + it. Moreover, there exists c E I such that 
Re h{z) = c for all z E A. Let R := sup{s G M : c + is G h{A)}. Note that R < oo, since 
A is not exceptional. Then 

(4.1) T{x) = R-\mh{x). 

Now let y E A. By Theorem 4.4, the map t i—)■ (ft{y) is an homeomorphism of {0,T{y)) 
onto the open sub-arc B := {y, (fT{y){y)) of A. Let t{x) denote its inverse. Hence, for 
X E B 

T{x) = T{(fp,,){y)) = R-\m h{(ft(^){y)) = R - \m h{y) - t{x), 

proving that T is continuous and strictly decreasing in B (with respect to the natural 
orientation of A induced by {(ft))- By the arbitrariness of B, it follows that T is continuous 
and strictly decreasing in A. 

If Xi is the hnal point of A, since A is not exceptional, T{xi) = 0, and the previous 
argument shows that T is continuous on H U {ti} as well. 

Now we examine the initial point Xq. There are two cases. Either xq is a hxed point of 
{(ft) or Xq is a contact (not fixed) point of {(ft)- In the first case T{xq) = oo, while, in the 
second case, according to [6, Remark 3.4], T{xo) < oo. Let 

S := lim T{x). 

ABx^xq 

Since T is strictly decreasing, such a limit exists, finite or inhnite. 

Assume hrst that T{xo) = oo. By [6, Proposition 2.11 (hi) and Lemma 2.10], h{A) = 
{c -|- is : s G (—cxD, i?)}. Hence, S' = cxd by (4.1). 

Assume next T{xq) < oo. The curve [0, cx)) 9 s e-)■ (fs{xQ) is continuous, and T is 
continuous on A. Hence, lim^^o ^(0s(a^o)) = S, and, clearly S < T{xq) by the dehnition 
of life time. On the other hand, if S' < T{xq), let t E {S,T{xq)). Taking into account 
that T is strictly decreasing on A, it follows that (ft{<fs{xo)) E D for all s > 0, hence 
(ft{xo) G ©, a contradiction. □ 

For our aims, we need to recall from [6] how the maximal contact arcs are related to 
the Koenigs function of the hyperbolic and starlike elliptic models: 

Proposition 4.8. [6, Sect. 3] Let {(ft) be a semigroup of holomorphic self-maps o/D. Let 
(O, h, <ht) be a holomorphic model of {(ft)- 
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(1) If {(ft) is a starlike elliptic semigroup, not a group, then the initial point of a 
maximal contact arc A is a fixed point if and only if the image of h{A) is not 
bounded. 


(2) If {(ft) is a non-elliptic semigroup, the initial point of a maximal contact arc A is a 
fixed point if and only if \mh{A) is not bounded from below. Moreover, ifQ = IxM., 
then A is exceptional if and only if either I = (c, a) with c G M, a G (c, +cxd] or 
I = {a,c) with c G M and a G [— cxd,c), and there exists d G [— cxd,+cxd) such that 
{c + it : t > d} = h{A). 


4.3. Boundary fixed points. Let {(ft) be a semigroup of holomorphic self-maps of D. 
Assume {(ft) is either non-elliptic with holomorphic model (f2, h, z z + it) or starlike 
elliptic with the model (C, h,z e~^z). Let Q := h(ro). Set 


(4.2) 


A{(ft) : — 


At>o{e *Q) 
Llt>o(Q + it) 


if {(ft) is starlike elliptic, 
if {(ft) is non-elliptic. 


Following ideas from [8, Thm. 2.5], it is possible to prove that, given a non-elliptic 
semigroup, if for some c G M the line {C G C ; Re(^ = c} is contained in A{(ft) then 
p := limt_^_oo h~^{c + it) is a boundary fixed point of the semigroup. Next result shows a 
characterization of those boundary fixed points that can be reached in this way. 


Proposition 4.9. Let {(ft) be a non-elliptic semigroup of holomorphic self-maps of D. 
Let C be a connected components of A{(ft). Then C = C -\-it, for all t > 0, and there 
exist —oo < a < b < -|-cxd such that C = {C G C : a < ReC < &}■ 

Moreover, there is a one-to-one correspondence between boundary regular fixed points 
of {(ft), different from the Denjoy - Wolff point, and connected components of A{(ft) for 
which there exist —oo < a < b < -|-cxd such that C = {( E C : a < Re (< b} associating 
to C the point p{C) := \imt^_ooh~^{c-\-it), where c is any point in {a,b), and p{C) G dD 
is a boundary regular fixed point of {(ft)- 

Also, there is a one-to-one correspondence between boundary super-repelling fixed points 
of {(ft) which are not inital points of a maximal contact arc of {(ft) and connected compo¬ 
nents of A{(ft) given by a line associating to the connected component C = {C G C : ReC = 
c} the point p{C) := limt^^oo h~^ {c-{-it), and p{C) G dD is a boundary super-repelling 
fixed point of {(ft). 

Proof. The case of boundary regular fixed points is in [8, Thm. 2.5]. 

By [6, Lemma 4.3], if p is a super-repelling boundary fixed point of {(ft) for which 
there is no connected component of A{(ft) of the form C* = {C G C : Re(^ = c} with 
p := limt_j,_oo h~^{c-\- it) then p is the initial point of a maximal contact arc. Conversely, 
assume by contradiction that p is a boundary super-repelling fixed point which is the initial 
point of a maximal contact arc A and there exists c G M such that p := limt^_oo h~^{c-Iit). 

Take a sequence (t„) converging to —oo such that the connected component of h{3) U 
(M -|- itn) containing c -|- itn is of the form (c — c + fin), where 0 < ttn+i < and 
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0 < /9n+i < Pn for all n G N. Since p is super-repelling, the sequences (q;„) and (/9„) 
converge to zero. Consider the Jordan arc — a^c + /3n))- Since h has no 

Koebe arcs, the diameter of {Cn) tends to zero. Therefore, for n large enough, one of the 
end points of the Jordan arc belongs to A, say this end point is 
By Theorem 4.4(2), Reh{z) = c-\-(3n = c+f3n+i for all z E A, contradicting /3n+i < /3n- D 

A similar statement holds for the starlike elliptic case, replacing open strips {z E C : 
a < Re;^ < 6} with angles {z E C : a < argz < b} and vertical lines with half-lines 
{z = tv : t > 0}, V E C \ {0}. 

Definition 4.10. Let {(pt) be a semigroup of holomorphic self-maps of D. A boundary 
super-repelling fixed point p E (9D for (0j) is called 

(1) a boundary super-repelling fixed point of Grst type if it corresponds to a connected 
component of A{(j)t) which is a line, 

(2) a boundary super-repelling fixed point of second type if it is the initial point of a 
maximal contact arc for {(pt) which is not exceptional. 

(3) a boundary super-repelling fixed point of third type if it is the initial point of an 
exceptional maximal contact arc for {(pt)- 

Note that in case (1) there exists a backward orbit of ((pt) which lands at p. Indeed, 
if p corresponds to the connected component C = {C G C : Re^ = c} of A((pt), then the 
curve [0, J-cxd] 3 t eE- h~^(c -f it) G D is a backward orbit of (<pt) landing at p. 

By [6, Lemma 4.3], a super-repelling fixed point is necessarily one of the above types. 
In particular, we have the following result: 

Corollary 4.11. Let (<pt) be a semigroup of holomorphic self-maps o/D. A boundary 
super-repelling fixed point p E (9D for (<pt) is either the starting point of a maximal contact 
arc or there exists a backward orbit of (<pt) landing at p. 

Remark 4.12. If ((pt) is elliptic, then there are no boundary super-repelling fixed points of 
third type, while, if ((pt) is non-elliptic then there are at most two boundary super-repelling 
fixed points of third type. 

Next result is due to P. Gumenyuk and shows the relationship between the boundary 
behavior of Koenigs functions and boundary fixed points. 

Theorem 4.13. [18, Prop. 3.4, Prop. 3.7] Let (cpt) he a non-elliptic semigroup of holo¬ 
morphic self-maps o/D with holomorphic model (G, h, z ey z -f if). Then 

(1) for every a E (9D the non-tangential limit A\miz^crh(z) E C exists. 

(2) Let a E (9D. The (unrestricted) limit lim^^o- Re/i(; 2 ) exists finitely if and only if a 
is not a regular fixed point for ((pt)- 

(3) a G (9© is a boundary fixed point for (cpt) different from the Denjoy- Wolff point 

if and only if Im h(z) = —oo. 
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(4) If a E (9D is not the Denjoy- Wolff of {(ft) then limsup 2 _j,^ Im h{z) < +cxd. 

A similar result (see [18]) holds for the starlike elliptic case replacing the real and 
imaginary part of h with the modulus and the argument of h. 

In the sequel we will need also the following characterization of points belonging to 
exceptional maximal contact arcs in terms of Caratheodory’s prime end theory (see, e.g. 
[7, Chapter 9], [20, Sections 2.4-2.5]). As a matter of notation, if h : D —)■ C is univalent, 
we denote by h the homeomorphism induced by h from (9D and the space of Caratheodory’s 
prime ends of /i(ro). 

Proposition 4.14. Let {(ft) he a non-elliptie semigroup of holomorphic self-maps of 3. 
Let {I xM., h, z hE- z-\-it) be the holomorphic model of {(ft), where J = M, (0, +cxd), (—cxd, 0) 
or (0,p) for some p > 0. Let M he the union of the exceptional maximal contact arcs 
for {(ft) (possibly M = 0). Let p G (9® be different from the Denjoy - Wolff point of {(ft)- 
Then p ^ M if and only if the following condition holds: 

(L) there exists a null chain (C„) in /i(D) representing h{p) such that there exist a 
compact subinterval /' C / and N E N such that the connected component 14 of 
/i(D) \ Cn which does not contain Cq satisfies 14 C /' x M for all n > N. 

Proof. Assume M is an exceptional maximal contact arc for {(ft)- By Proposition 4.8, 
I M. and we can assume without loss of generality that / = (0,p), with p G (0 ,+cxd] 
and that h{M) = {it,t > d} for some d E [—cxd, +cxd). 

Let p E (9D be a point different from the Denjoy-Wolff point of {(ft)- 

If p G M, since by Theorem 4.4, h extends holomorphically through p and h{p) E 
{it,t > d}, every null chain {Cn) representing h{p) converges to {h{p)}, hence it is not 
possible to find a closed subinterval Pel and iV G N such that 14 C /' x M for all 
n > N. 

If p is the initial point of M, assume by contradiction that {Cn) is a null chain rep¬ 
resenting h{p) such that there exists a closed subinterval P = [a, &] C /, for 0 < a < b, 
such that 14 C /' X R for n sufficiently big. By Theorem 4.13, h has non-tangential 
limit (hnite or inhnite) at p. Also \im.M^z^ph{z) exists (hnite or inhnite). Indeed, 
Reh{z) = 0 and \mh{(ft{z)) = \mh{z) -f t for all x G M and all t > 0, proving that 
\mh{z) decreases when 2 ; moves on M toward the initial point p of M. By [6, Lemma 
2.10.(1)], \imMBz^ph{z) = P\miz^ph{z). In particular, Zlim^^i-Re/i(rp) = 0. Since 
for every n G N the curve (0,1) 9 r 1 —)■ h{rp) is eventually contained in I 4 , and since 
14 C {Re X > a}, it follows that lim^^i- Re/i(rp) > a > 0, a contradiction. Therefore (L) 

implies p ^ M. 

Now assume p ^ M. 

Suppose first p is a boundary regular hxed point of {(ft). By Proposition 4.9, there 
exist —00 < a < b < -|-cxd such that (a, 6) C /, (x G C : a < Re^: < 6} C /i(D) but {z : 
a — e < Rez < b-\-e} (f h(D) for any e > 0, and for every c G (a, b), hmt^_oo h{c-\-it) = p. 
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Let Cn be the connected component of {Im^: = —n} which intersects {z : a <Rez <b}. 
Then {Cn) is a null chain which represents h{p). If / = M then {Cn) satishes (L) and 
we are done. Assume / = {a,/3), with —oo <a<a<h</3< +cxd. If a = a, 
then clearly p is the initial point of the exceptional maximal contact arc dehned by 
{z G (9D : = h~^{a + it),t G M}, therefore a < a. Similarly b < (3. Hence {Cn) satishes 

condition (L). 

Now assume p is not a boundary regular hxed point and suppose by contradiction that 
condition (L) is not satished. Let {Cn) be a null chain and the I4’s as dehned above. The 
impression of h{p) is given by I{h{p)) = nngNl 4 (where the closure has to be understood 
in the Riemann sphere CP^). It is known that x G I{h{p)) if and only if there exists a 
sequence {zn} C D such that Zn ^ p and h{zn) —)■ x. 

By Theorem 4.13.(2), there exists a G M such that lim^^p Re/i(; 2 ) = a. Therefore, if (L) 
does not hold, it follows that a G dl . In particular, if J = M, we obtain a contradiction 
and hence (L) holds in this case. Thus we can assume without loss of generality that 
/ = (a, 6), with —oo < a < b < +cxd. 

Since limsup 2 _j.p Im h{z) < +cxd by Theorem 4.13. (4), the impression of h{p) is given by 

I{h{p)) = {z : Re;^ = a, Im 2 : G [/ci, k 2 \}, 

for some — cxd < ki < k 2 < +00 or I{h{p)) is the point at inhnity in CP^. Let T = 
h{[0,l)p)- Such a curve has a limit q G CP^ by Theorem 4.13.(1). Moreover, since 
Xuxiz^p Reh{z) = a, it follows that T intersects the line {Re;^ = a} at q. In case q is the 
point at inhnity, let us set Img = — cxd. With such a notation, since T + it G h{B>) for 
all f > 0, it follows that {z : Re 2 : = a,\n\ z > \mq} G dh{p). Therefore {(pt) has an 
exceptional maximal contact arc M given by h~^{{{a + it) : t > Img}). We claim that 
p G M, reaching a contradiction. This follows at once from 
(4.3) lim h~^{a + it)=p. 

(j)+ 

In order to prove (4.3) , let D{q, ^) be a disc in the spherical metric centered at q and with 
radius 1/n, n E N. Note that for all n G N, T nZl(g, ^) 7 ^ 0. Therefore, for each n G N we 
can hnd a Jordan curve Tn : [0,1] —)■ C such that T„([0,1]) C D{q, i), T„((0,1)) C /i(D), 
^n(O) = a + itn for some tn > Img, T„(l) G T. Let Qn '■= Tn(0,1). Then, the spherical 
diameters of Qn tend to 0. Moreover, h~^{Qn) is a sequence of Jordan arcs in D, whose 
Euclidean diameter tends to 0 by the no Koebe arcs theorem (see, e.g., [19, Corollary 
9.1]). Hence (4.3) holds. □ 

5. Extension of topological conjugation for non-elliptic semigroups 

Lemma 5.1. Let (0t) and {(pt) be two non-elliptie semigroups in D. Let (Hi, hi, z 1 —)■ z+ti) 
be the holomorphie model of {(ft) and let {Q 2 ,h 2 ,z i-E- z + ti) be the holomorphie model 
of {<pt)- Write Qj = Ij x M., j = 1, 2, where Ij is any of the intervals (— 00 , 0), (0, +cxd), 
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(0,p), with p > 0, or M. Then (0t) and {ipt) are topologically conjugated if and only if 
there exist an homeomorphism m : Ji —)■ J 2 and a continuous function w : Ji —)■ R such 
that 

(5.1) r( 2 :) := ^(Re^:) + i(lm 2 : + t;(Re 2 :)) 

satisfies r(/ii(D)) = /i 2 (IO). 

Proof. Let Qi := /ii(©) and let Q 2 := / 12 (D)- By Proposition 3.3, {(ft) and {ipt) are 
topologically conjugated if and only if there exists a homeomorphism r : hli —)■ 112 such 
that t{z + it) = t{z) + it for alH G R and t{Qi) = Q 2 . 

Write 2 : = X + iy with x E Ii and 1 / G R. Then t{x + iy) = t{x) + iy. Write 

t{x) = u{x) + iv{x). Then m : Ji —)■ J 2 and n : Ji —)■ R are continuous. Since also 

: ll 2 —^ Hi satishes t~^{z + if) = t~^{z) + it for all t G R, it follows that m is a 

homeomorphism. □ 

Let {(ft) be a non-elliptic semigroup, let us denote by M{ipt) C (9D the set of points 
which belong to an exceptional maximal contact arc for {ipt) (note that M{ipt) is open 
and possibly empty). Let x G (9D be the Denjoy-Wolff point of {(ft) and let 

E{(pt) := M{ipt) U {t}. 

Proposition 5.2. Let {(ft) and {ipt) be two non-elliptic semigroups of holomorphic self¬ 
maps of D. Suppose {(ft) and {(pt) are topologically conjugated via the homeomorphism 
/ : D —)■ D. Then f extends to a homeomorphism 

f ■.^\E{f,t)^^\E{ipt). 

Moreover, for a// p G D \ E{(ft) it holds T{p) = T{f{p)) and f{(ft{p)) = Tt{f{p)) for all 
t > 0. 

Proof. In order to prove the result, we use Caratheodory’s prime ends theory (see, e.g. [7, 
Chapter 9], [20, Sections 2.4-2. 5]). Let (Hi = Ii x M., hi, z ^ z -\- it) be the holomorphic 
model of {(ft) and let (H 2 = I 2 x h 2 , z ^ z -\- it) be the holomorphic model of {p>t), 
where h, I 2 are intervals of the form (— cx),0), (0,-1 -cxd), (0,p), with p > 0, or R. Let hi 
denote the homeomorphism from (9D to the Caratheodory prime-ends boundary of hi (D) 
dehned by hi. 

Let p G (9D \ E{(ft). Let {Cn) be a null-chain in /ii(D) which represents hi{p) and 
denote by W the connected component of /ii(D) \ Cn which does not contain Cq. Let 
f{hi{p)) = C„>oI4 denote the impression of hi{p) in the Riemann sphere (here 14 denotes 
the closure of 14 in the Riemann sphere). Then, for any sequence {zn} C D converging 
to p, the sequence {h{zn)} is eventually contained in I4i for all m > 0. Conversely, if 
{wn} C /ii(D) is any sequence which is eventually contained in I4i for any m E N, then 
limn^oo hf^{wn) = p. 
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Since limsup^^p Im/ii( 2 :) < K for some constant K < +cxd by Theorem 4.13.(4), it 
follows that 

(5.2) sup{lm 2 : : 2 : G I{hi{p))} < +cxd. 

By Proposition 4.14, we can assume that 14 C x M for some compact subinterval 
/' C / and for all n G N. By Lemma 5.1, / = o r o hi, where r is given by (5.1). In 
particular, setting r(cxD) := 00 , it follows that r is uniformly continuous on /( x M (where 
the closure has to be understood in CP^ and cxd denotes the point at inhnity). From this 
it follows easily that r(C'„) is a null chain in h 2 (D). Moreover, if 144 is the connected 
component of h 2 (D) \ T{Cn) which does not contain r(4o), then 144 = t(I 4) and 144 is 
contained in u{I[) x M for all n G N, with u{I[) being a compact subinterval of 4 . Let 
q G (9D be such that (r(4„)) represents h 2 {q). Then r(/(hi(p))) = /(h 2 (g)), and by (5.2), 

sup{lm ;2 : 2 : G I{h 2 {q))} < +cxd, 

which, in turns, implies that limsup^^^ Im h 2 (x) < +cxd. Since the non-tangential limit 
of Im ^2 at the Denjoy-Wolff point of (<pt) is +cxd, this implies that q is not the Denjoy- 
Wolff point of {(fit)- Hence, by Proposition 4.14, q does not belong to the closure of an 
exceptional maximal compact arc for (<pt)- 

Now we show that, in fact, \imz^pf{z) = q. Let be a sequence converging to p. 
Then {hi(x„)} is eventually contained in 14 for all m G N. Thus {T(hi(x„))} is eventually 
contained in r(l4) = H4 for all m G N, which implies that {T{hi{zn)))} converges 
to q, that is, \imz^pf{z) = q. 

Next, if pi,P 2 e (9D \ F'(4) are two different points, the null chains in 

/ii(D) which represents hi{pi) and hi{p 2 ) are not equivalent (in the prime-ends sense). 
Therefore, chosen those chains to satisfy condition (L) in Lemma 4.14 for all n G N, it 
follows easily that and (t( 4^)) are not equivalent. Thus, if qj G (9D is such that 

(r( 4 ^)) represents ^2(4), j = 1 , 2 ) if follows that qi 4 Q'2- Hence, the extension of / to 
(9D \ E{(j)t) is injective. 

Finally, we prove that / : ID> \ i?(0t) —)■ P) \ E{ipt) is continuous. 

Recall the following fact from Caratheodory’s prime ends theory. Let h : D —)■ /i(©) be 
univalent. Let {pm} be a sequence of points of (9D. For each m G N, let (44) be a null 
chain in /i(D) representing the prime end h{pn)- Then pm —)■ p G (9D if and only if, given 
{Cn) a null chain in h(D) representing h{p), for every open subset U C h(ro) such that 
Cn U for all n >> 1, it follows that there exists mo G N such that for every m > mo 
there exists i\4 G N such that 44 C U for all m > mo and n > i\4. 

In order to prove continuity of /, it is enough to show that if {pm} C (9D \ 4(0t) 
converges top edB)\ 4(4) then lim^^oo f{Pm) = f{p)- Let := f{pm), Q ■= f{p)- 

For each m G N, let (44) be a null chain in /ii(D) representing hi{pm), chosen so that 
condition (L) of Proposition 4.14 is satished for all n, and similarly let (4„) be a null 
chain which satishes condition (L) and represents hi{p). 



TOPOLOGICAL INVARIANTS 


19 


As shown before, (t(C™)) is a null chain in h 2 (JS)) representing h 2 {qm) and (r(C„)) is a 
null chain in / 12 (D) representing h 2 {q)- 

Fix an open subset U C / 12 (D) such that T{Cn) C /7 for n >> 1. Then, t~^{U) 
eventually contains (C^). Since pm —t p, this implies that for every m >> 1, (C™) is 
eventually contained in Hence (t(C^)) is eventually contained in U for m >> 1. 

Therefore, qm ^ q and / is continuous. 

Since the same applies to /“^, it follows that / : D \ i?(0t) ^ D \ E{(pt) is a homeo- 
morphism. 

In order to prove the last equations, £x p G D \ E{(l)t) and fix / > 0. Let r G (0,1). 
Then (pt{f{rp)) = f{((>t{rp)) f{.4’t{p)) as r —)■ 1. Therefore, the limit of ift along 

the continuous curve r 1 —)■ f{rp) (which converges to /(p)) is f{(l>t{p))- By the Lindelof 
theorem, <pt(/(p)) = Z hm^^/(p) (pt( 2 :) = f{(l>t{p)), and thus the functional equation holds 
at p. From this, it follows at once that T(p) = T(/(p)). □ 

6. Topological invariants for non elliptic semigroups 

First we examine maximal contact arcs which are not exceptional; 

Proposition 6.1. Let (0t) and {ipt) be two non-elliptic semigroups in D. Suppose {(pt) and 
(pt) are topologically conjugated via the homeomorphism / : D —)■ D. IfW is a maximal 
contact arc for {(ft) which is not exceptional, then f extends to a homeomorphism from 
W onto f{W) and f{W) is a maximal contact arc for {(pt) which is not exceptional. 

Proof. Since W is not exceptional, then W C (9D \ E{(j)t). Thus, by Proposition 5.2, / 
extends as a homeomorphism on W and f{W) C (9D \ E{ipt)- Therefore, we are left to 
show that f{W) is a maximal contact arc. 

Let p e W. By Proposition 5.2, T(p) = T{f{p)) > 0, hence Ps{f{p)) = /(0s(p)), 
s G (0, T(p)), belong to a maximal contact arc W C f{W) for (p^). If g G f{W) \ W , let 
To G IF be such that f~^{q) = (fsi^o), for some s > 0. But then, again by Proposition 5.2, 
/(0s(to)), s G (0,T(to)) is a contact arc which contains IF', contradicting its maximality. 
Thus /(IF) is a maximal contact arc. □ 

Now we consider boundary fixed points and their type. Again, the result is an applica¬ 
tion of Proposition 5.2. 

Proposition 6.2. Let {(ft) and {pt) be two non-elliptic semigroups in D. Suppose {(ft) 
and {pt) are topologically conjugated via the homeomorphism / : D —)■ D. Let p G (9D be 
a boundary fixed point for {(ft)- Suppose that p ^ E{(ft). Then the unrestricted limit 

f{p) := \imf{z) G (9D 

z^p 

exists and f{p) G (9D \ E{pt) is a boundary fixed point for {pt)- Moreover, 

(1) if p is a boundary regular fixed point for {(ft) then f{p) is a boundary regular fixed 
point for {pt), 
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(2) if p is a boundary super-repelling fixed point of first type (respectively of second 
type) for {(ft) then f{p) is a a boundary super-repelling fixed point of first type 
(respectively of second type) for {<Pt), 

Proof. First assume p is a boundary fixed point which does not start an exceptional 
maximal contact arc. By Proposition 5.2, / extends continuously at p, f{p) is not in the 
closure of an exceptional maximal contact arc and T{p) = T{f{p)). Therefore, f{p) is a 
boundary fixed point for {(pt). 

In order to show that the type of p is preserved let (hli = x R, hi, z z -\- ti) he 
the holomorphic model of {(ft) and let (122 = I 2 x h 2 , z z -\- ti) be the holomorphic 
model of {(ft)- Let Qi := /ii(D) and let Q 2 := /i 2 (D). By Lemma 5.1, {(ft) and {p>t) are 
topologically conjugated if and only if there exists a homeomorphism r : hli ^ 122 given 
by (5.1) and t{Qi) = Q 2 . By Proposition 3.3, / = hf^ or o hi. 

Then the restriction of r to A{(ft) induces a homeomorphism from A := A{(ft) to 
A := A{Lpt)- Indeed, 

A = At>o{Q2 + P) = At>o{T{Qi) + it) 

= At>or{Qi + it) =T (nt>o((5i + it)) = t{A). 

In particular, every connected component of A corresponds to exactly one connected 
component of A. 

Since r defines a homeomorphism between A and A and maps vertical lines {C € C : 
ReC = c} to vertical lines, it follows that to each connected component of A with non¬ 
empty interior (respectively with empty interior) there corresponds exactly one connected 
component of A with non-empty interior (resp. with empty interior). 

From this, it follows immediately that if p is a boundary regular fixed point (respectively 
a super-repelling fixed point of first type), then f{p) is a boundary regular fixed point 
(resp. a super-repelling fixed point of first type). Moreover, if p is a super-repelling fixed 
point of second type, then so is /(p), for otherwise one can apply the previous conclusion 
to f~^ at /(p) to get a contradiction. Hence, (1) and (2) are proved. □ 

Another trivial consequence of Proposition 5.2 is that the continuity of a semigroup at 
a boundary point is a topological invariant: 

Proposition 6.3. Let {(ft) and {(pt) be two non-elliptic semigroups in D. Suppose {(ft) and 
{(pt) are topologically conjugated via the homeomorphism / : D — )■ D. Let p G (9D \ E{(ft) 
be such that the unrestricted limit \miz^p(ft{z) exists for all t > 0. Then the unrestricted 
limit f{p) = lim^^p f{z) G (9D \ E{ipt) and the unrestricted limit lim 2 _ 5 ./(p) (pt{z) exist for 
all t > 0. 


Proof. By Proposition 5.2, / has unrestricted limit at p, /(p) ^ E{(pt) and f~^ extends 
continuously at /(p), /~H/(p)) = P- Since pt{z) = f{(ft{f~^{z))), z & 3, the result 
follows. □ 
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7. Exceptional maximal contact arcs and Denjoy-Wolff point 

In this section we examine the behavior of the topological conjugation on exceptional 
maximal contact arcs and boundary Denjoy-Wolff points. The behavior of the topological 
intertwining map on an exceptional maximal contact arc can be quite wild. 

We start with the following result: 

Proposition 7.1. Let {(pt) and {ipt) be two non-elliptic semigroups in D. Suppose (0t) 
and {(ft) are topologically conjugated via the homeomorphism /:©—)■©. 

(1) If p E (9ro is a boundary regular fixed point for {fit) which starts an exceptional 
maximal contact arc, then the non-tangential limit f{p) = Zhniz^p f(z) exists and 
f{p) is a boundary regular fixed point for {ipt) (possibly the Denjoy-Wolff point 
of {‘ft))- In fact, f{p) e E{ipt). 

(2) If p G (9© is the Denjoy - Wolff point of {fit) then the non-tangential limit f{p) = 
Z\\mz^pf{z) exists and f{p) G (9© is the Denjoy - Wolff point of {(pt)- 

Proof. Let (Di = Ji x R,i-A z + it) be the holomorphic model of {fit) and let 
(122 = h X h 2 , z z -\- it) be the holomorphic model of {(pt), where I 2 are (possibly 
unbounded) open intervals in R. 

Assume M is the exceptional maximal contact arc for {fifi such that p is its initial point. 
By Proposition 4.8, / 7^ R and we can assume without loss of generality that Ji = (0,p), 
with —cxD < 0 < p < +CX) and that h{M) = {it, t G R}. 

Let C be the connected component of A{fit) which corresponds to p (see Proposition 
4.9). Thus there exists 0 < 6 < p such that C = {C G C : 0 < ReC < &}• Since we are 
assuming that p is not the Denjoy-Wolff point of {fit), from Proposition 4.9, it follows 
that b < +CXD. Note that 6 = p if and only if /i(©) = 12i, that is, {fit) is a (hyperbolic) 
group of automorphisms. 

By Lemma 5.1, / = hf^ o t o hi, with t{z) = ^(Re^:) + i{\mz + ^(Re;^)), where 
M : Ji —)■ J2 is a homeomorphism. With no loss of generality we can assume that u is 
orientation preserving, and we let d = lim2.^o+ ^{x) and b = limj-^b- u{x). 

As remarked in the proof of Proposition 6.2, C := t{C) is a connected component in 

A{ipt). Clearly, C = {^ G C : a < Re^ < 6}. Let p{C) denote the associated boundary 
regular hxed point for {(pt)- 

Let 7 : [0,1) —)■ D be a continuous curve which converges non-tangentially to p. By [8, 
Lemma 4.4], there exist a < a' <b' <b and to < 1 such that a' < Rehi(7(t)) < b' for all 
t G (to, !)• Therefore, there exist d < d' <b' <b such that d' < Rer(Re (hi(7(t)))) < b' 
for all t G (to, 1). Therefore, the continuous curve r o hi o 7 is all contained in the strip 
{( E C : d' < Re (< b'} and its imaginary part converges to —cxd. It follows then from 
[8, Prop. 4.5] that 

hni/(7(t)) = linih7^(r(hi(7(t))) = p{C). 
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So, there exists Zliniz^p f{z) and its value is p{C), which is a boundary regular hxed 
point for ( 0 ^). 

(2) In case p is the Denjoy-Wolff point of the argument is similar and we omit 
the proof. □ 

Remark 7.2. From the previous proof it follows that if I 2 is relatively compact in M, then 
(7 = {^ G C : a < ReC < &}, with |a|, | 6 | < +cxd. Therefore, by Proposition 4.9, in this 
case f{p) is not the Denjoy-Wolff point of {ipt). That is, f{p) can be the Denjoy-Wolff 
point of {(pt) only if the semigroup is parabolic. 

In the following examples we show that the unrestricted limit of the homeomorphism 
/ might no exist at the Denjoy-Wolff point or at boundary regular hxed points which 
start an exceptional maximal contact arc. 

Example 7.3 [Non existence of unrestricted limit at Denjoy-Wolff point). Let Q = {z E 
§ : lm 2 ;Re ;2 > 1} and let h : D —)■ Q be a Riemann map. Consider the semigroup (0t) 
dehned by (ptiz) := h~^{h{z)+it), t > 0. The point p = limt_j.+oo is the Denjoy- 

Wolff point of (0t). Let n : (0,1) —)■ M be dehned by v{x) = —1/x for all x G (0,1), and 
dehne t{z) := Re;^ + i{\mz + ^(Re;^)). Write Q = t{Q) = { 2 : G § : Im 2 : > 0} and let h : 
D —)■ Q be a Riemann map. The semigroup {pt) dehned by pt{.z) := h~^{h{z) +R), t > 0 
is topologically conjugated to (00 via / := h~^oToh. We claim that the unrestricted limit 
of / at p does not exist. The point q := f(z) is the Denjoy-Wolh point of (<p0. 

Notice that h and h can be extended to homeomorphisms of D onto Q and Q, respectively. 
We also denote by h and h those extensions. Take Zn = h~^ (^ + (1 + n)i) G D. By the 
properties of h, we deduce that the sequence (zn) converges to p. Moreover, 

f{Zn) = h~\T{h{Zn))) = h~^ ^ 

Example 7.4 [Non existence of unrestricted limit at boundary regular fixed points start¬ 
ing an exceptional maximal contact arc). Let h : D —)■ S be the Riemann map given by 
h{z) = I + y log Y^. Let (0t) be the (semi)group of hyperbolic automorphisms of D de¬ 
hned by (j)t{z) := h~^{h{z)it)) t > 0. Then 1 = limimz^.+oo is the Denjoy-Wolh 

point of (00, while —1 = lirnimz-i—oo h~^{z) is a boundary regular hxed point of (00. Let 
r : § —)■ S the homeomorphism dehned by t{z) = Re;2-|-i(lm + R^)- Let f ■.= h Wroh 
be a homeomorphism of D. Then /o 0 j = By Proposition 7.1, / has non-tangential 

limit at —1 and it is easy to see that Z lim^^-i/(; 2 ) = —1, for instance by taking the 
limit of / along the (non-tangential) curve ( 0 , - 1 -cxd) 9 s t-A h~^{l/2 — s) converging to — 1 . 

Consider now the curve 7 : (0,1) —)■ S dehned by 7 ( 5 ) := (1 — s) -|- i{s — 1)“^ Then 
/i“^( 7 (s)) is a curve in D which converges (tangentially) to —1 as s ^ 1. However, 

lim f{h~^{'y{s)) = lim h“^(r( 7 (s))) = lim h~^{l — s) = h~^{0) 7 ^ — 1 . 

s —>-1 s —>-1 s —>-1 

Therefore, / is not continuous at —1. 
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As we already proved in Proposition 3.5, every non-elliptic semigroup of holomorphic 
self-maps can be topologically conjugated to a hyperbolic one (with § as model domain). 
Reversing this implication, it follows that every non-elliptic semigroup can be topologically 
conjugated to one whose model domain is M x R (that is, a parabolic semigroup of zero 
hyperbolic step). In this case, there exist no exceptional maximal contact arcs, which 
show that exceptional maximal contact arcs are not topological invariants. 

However, if one stays in the class of hyperbolic semigroups, the question whether an 
exceptional maximal contact arc is a topological invariant is less trivial, as the following 
example shows: 

Example 7.5. Let hi = {x G S : ImxRe;^ > —1} and let h : D —)■ hi be a Riemann 
map. For t > 0, let (pt{z) := h~^{h{z) + it). It is easy to see that {(pt) is a semigroup of 
holomorphic self-maps of D. The point p = limi_j._oo h~^{t — i/2t) is a boundary super 
repelling hxed point of third type for this semigroup. Let n : (0,1) ^ R be a continuous 
function and dehne t{z) := Rex -|- i(lm x -|- n(Rex)). Write ily := r(r2) = {x G § : Im x > 
—-l-T(Rex)}. Let : D —)■ be a Riemann map. Let (l>t{z) := h~^{hy{z) +it), t >0. 
The semigroup (0^) is clearly topologically conjugated to {<Pt)- On the one hand, taking 
v{x) := 2/x, we obtain a semigroup whose unique hxed point is its Denjoy-Wolff point 
and the map f = or oh sends the exceptional maximal contact arc starting at p to 
the Denjoy-Wolff point of In particular, the boundary super repelling hxed point 
of third type p is sent to the Denjoy-Wolh point. On the other hand, taking v{x) = 1/x 
we obtain a semigroup whose unique hxed point is its Denjoy-Wolh point and the map 
/ = h~^oToh sends the exceptional maximal contact arc starting at p onto an exceptional 
maximal contact arc for (0^) having a non-hxed point as initial point. In particular, the 
boundary super repelling hxed point of third type p is sent to a contact, not hxed, point. 

Proposition 7.6. Let (00 he a hyperbolic semigroup of holomorphic self-maps o/D with 
Denjoy - Wolff point a G (9D. Let M he an exceptional maximal contact arc for (0t) whose 
initial point is Xq G (9D. 

(1) if xo is a regular boundary fixed point for (00 and (pt) is a hyperbolic semigroup 
of holomorphic self-maps o/D, topologically conjugated to (0t) via the homeomor- 
phism / : D —)■ D then (pfi has an exceptional maximal contact arc whose initial 
point is Zlim 2 ^,j,o/(x). 

(2) If Xq is not a boundary regular fixed point for (0t) then there exists a homeomor- 
phism / : D —)■ D such that (pt := f~^ z fit ° f) is a hyperbolic semigroup of 
holomorphic self-maps o/D and hm^^.p/(x) = a for all p G M. 

Proof. (1) By Remark 7.2, /(tq) := Z lim^^a-o/(x) is a boundary regular hxed point of 
{pt) diherent from the Denjoy-Wolh point. If /(tq) does not belong to the closure of an 
exceptional maximal contact arc for {pt), by Proposition 5.2, f~^ has unrestricted limit 
at f{xo) and 

Xo = lim f~\f{rxo)) = f~\f{xo)) E{fit), 

(0,l)3r->-l 
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a contradiction. Therefore /(tq) belongs to the closure of an exceptional maximal contact 
arc for [ipt) and it is in fact its initial point, being a hxed point. 

(2) Let (f2 = (0, 6) X M, h, HA 2 ; + ti), 0 < 6 < +cxd be the holomorphic model of (0t) 
and let Q := /i(D). Let M be an exceptional maximal contact arc with initial point Xq. 
By Theorem 4.4, we can assume without loss of generality that Re h{z) = 0 for all G M. 
Assume xq is not a boundary regular hxed point for (0^). 

If Xq is a super-repelling boundary hxed point for (0*), let 

= snp{y : s + iy ^Q,s e {0, l/n]}. 

Since xq is super-repelling, by Theorem 4.13, lim,.^! Re hirxo) = 0 and hmf._j.i Im h{rxo) = 
— 00 . Thus \n tends to — 00 . For each n E N, take 0 < < l/n and yn such that 

Sn + iyn ^ Q and yn > An — l/n. Take a monotone subsequence {sn^) of (sn) and 
a continuous function v : I ^ I such that v{sn^) = —2\n^- Dehne r : —)■ by 

t{x + iy) '.= X + i{y + v{x)). Note that r is a homeomorphism. Let /i 2 : D —t t{Q) be 
a Riemann map. Let {g>t) be the semigroup in D dehned by := ^(^ 2 ( 2 :) + it). 

Clearly, {(pt) is topologically conjugated to {(pt)- Since Wn = T{sn + iyn) ^ 't{Q) and 

lim Im (tcnj = lini(|/nfc + n(snj) > lim(-Anfc + 2/nfc) = -hoo, 

k k k 

it follows that / maps the exceptional maximal contact arc M to the Denjoy-Wolh point 
of {pt)- 

Next, suppose that xq is not a boundary hxed point. Then, by Theorem 4.13, there 
exists lim^-j.! hirxo) = iyo with y^ G M. Therefore there exist points Xn + iyn E fl\Q 
such Xn goes to 0 and yn goes to yo. Take a continuous function v : I ^ I such that 
hma;_j.o n(a;) = -|-cxd. As before, dehne r : —)■ by t{x + iy) := a; -f i{y + v(x)) and 
let /i 2 : D —)■ t(Q) be any Riemann map. By construction, r(a;„ -|- iyn) E Q \ h2(0) and 
lmT(xn + iyn) goes to -|-cxd. Therefore the semigroup (pt) dehned by pt(z) := h 2 ^(h 2 (z) + 
it) for f > 0 is topologically conjugated to (c/t) and / maps the exceptional maximal 
contact arc W to the Denjoy-Wolh point of (pt). □ 

The cj-limit of / at an exceptional maximal contact arc is described by the following 
proposition; 

Proposition 7.7. Let (0^) and {pt) be two non-elliptic semigroups in D with holomorphic 
models (Di = Ii + fM, hi, z eE- z + ti) and (f 22 = h + iK, h 2 , z eE- z + ti), respectively. 
Suppose {(pt) and {pt) are topologically conjugated via the homeomorphism / : D —)■ D. 
Let p and q be the Denjoy - Wolff points of {(pt) and {pt), respectively. Assume that W is 
an exceptional maximal contact arc for {pt)- Denote by S = {z E Il)\ {0} : zl\z\ E W} 
and let xq be the initial point ofW. Then the set 

E{W) = {w EB : 3{Zn} C S,Zn ^ z EW, f{Zn) -t w} 

is a compact connected arc in (9D containing q which is contained in an exceptional max¬ 
imal contact arc for {pt)- 
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Proof. Let Qi := /ii(D) and let Q 2 '■= /12(D)- By Lemma 5.1, {(ft) and {ipt) are topologi¬ 
cally conjugated if and only if there exists a homeomorphism r : hli —)■ 112 given by (5.1) 
and t{Qi) = Q 2 . By Proposition 3.3, / = o r o hi. 

Since Zliniz^p f{z) = q hj Proposition 7.1, it follows that q G E{W). Moreover, it is 
easy to see that E{W) is a compact subset of (9D. Therefore we are left to check that 
E{W) is connected. Indeed, assume this is not the case. Then there exist two compact 
sets A and B such that E{W) = AiA A 2 and Ai f] A 2 = 0. Write k = d{A,B) > 0. 
For j = 1,2, take Wj G Aj, Znj G D, for all n, with G W, Znj Zj E W and 

f{zn,j) —t Wj. We may assume that d{f{znj),Wj) < /c/4. Let be the arc in W that 
joins with and 

hn.ll Pn,2| 

Bn bJ bl ^n^ng] 

where = max{|2:„ i|, 2!}- Notice that P„ is connected. Consider the continuous 

function / : P„ —)■ R given by l{z) = d{f{z),Ai). Since l{zn,i) < /c/4 and l{zn, 2 ) > 
d{w 2 , Ai)—d{zn^ 2 i W 2 ) > /c—/c/4 = 3/c/4. So there is G Pn such that d{f{an), ^1) = /c/2. 
Since |q;„| > min{|;2„^i|, |;2ng|}, we can take a subsequence such that -E z E W and 
f{cint,) —t w. Clearly, w E E{W) and d{f{w),Ai) = /c/2. A contradiction. Hence E{W) 
is connected. Clearly, E{W) is contained in an exceptional maximal contact arc for {(ft), 
for otherwise would map points of (9D \ E{(pt) into E{(j)t). □ 

Example 7.8. Let Hi = G § ; Im > 0} and /ii : D ^ Hi a Riemann map. Consider 
the semigroup {(ft) dehned by (ft{z) := hf^{hi{z)+if), t > 0. The arc W = /i7^([0, cxd)!) is 
an exceptional maximal contact arc for {(ft). Dehne r : S —)■ S as T{x+iy) := a;+i(|/—1/a;), 
H2 := t(Hi) = G S : lm;2Re2: > —1} and let /i2 : D —)■ H2 be a Riemann map. The 
semigroup {(pt) dehned by pt{z) '■= hf^{h 2 {z) + it), t > 0, is topological conjugated to 
{(ft) via the homeomorphism / = o r o hi. The semigroup {pt) has an exceptional 
maximal contact arc W = hf^fRi) with initial point a hxed point Xq. Notice that for 
SiW w E W it holds Xq = \imz^wf{z), namely, the map / sends the arc W to the point 
Xq. This does not contradict the previous proposition, since W is the ca-limit of / at the 
Denjoy-Wolff point of {(ft) . 


8. Elliptic case 

In this hnal section we show how to recover the results of Sections 5 and 6 in case 
of elliptic semigroups which are not groups. The key is to replace Lemma 5.1 by the 
following: 

Lemma 8.1. Let {(ft) and {pt) be two elliptic semigroups in D, which are not groups. Let 
(C, hi, z ^ e^^^z) be a holomorphic model of {(ft) and let (C, h 2 ,z ^ e^^^z) be a holomor- 
phic model of {pt)- Then, {(ft) and {pt) are topologically conjugated if and only if there 
exist a homeomorphism u of the unit circle (9D and a continuous map v : (9D —)■ (0, -|-cx)) 
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such that T := 6^^ otqo 6\^ satisfies r(/ii(D)) = /12(D), where 

{ \z\u{z/\z\)viz/\z\), Z^O ’ 


and, given \ = a + ib with a < 0, 


6x{z) := z\z 


exp ( —i-hog\z\ ) , 2 ; G C* and 6*a(0) := 0. 
a 


As already remarked, if the semigroup {fit) is elliptic, the set E{fit) = 0 . Using the 
previous lemma and mimicking the proof of Proposition 5.2, one can prove the following 
extension result: 


Proposition 8.2. Let {fit) and {ipfi be two elliptic semigroups of holomorphic self-maps 
of D, which are not groups. Suppose {fit) and {(pfi are topologically conjugated via the 
homeomorphism / : D —)■ D. Then f extends to a homeomorphism 

/ : 1 ^ 1 . 

Moreover, for all p G (9D it holds T{p) = T{f{p)) and f{fit{p)) = ‘ft{f{p)) for all t>0. 
And also. 

Proposition 8.3. Let {fit) and {pfi be two elliptic semigroups in3, which are not groups. 
Suppose {fit) and {pfi are topologically conjugated via the homeomorphism / : D — )■ D. 

(1) IfW is a maximal contact arc for {fit), then f extends to a homeomorphism from 
W onto f{W) and f{W) is a maximal contact arc for {pt)- 

(2) Let p G (9D he a boundary fixed point for {fit). Then the unrestricted limit 

f{p) := \imf{z) G (9D 

z^p 

exists and f{p) G (9D is a boundary fixed point for {pt)- Moreover, 

(a) if p is a boundary regular fixed point for {fit) then f{p) is a boundary regular 
fixed point for {pt), 

(b) ifp is a boundary super-repelling fixed point of first type (respectively of second 
type) for {fit) then f{p) is a a boundary super-repelling fixed point of first type 
(respectively of second type) for {pt)- 

We end this section showing that Proposition 8.2 is no longer true for groups of elliptic 
automorphisms. 

Example 8.4. Consider the group of automorphisms {fit) where fifiz) = e^^z for all / G M 
and G D and the continuous function / : D —)■ D given by f{z) = ; 2 exp(iln(l — | 2 :|)) for 
all z E B). It is clear that / is an homeomorphism of the unit disc with inverse function 
f~^{z) = 2 ;exp(—-/ln(l — | 2 :|)) and 

fiM^)) = Mfi^)) / > 0, z eb. 
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But / has no continuous extension at any point of (9D. 
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